Manipulation of qudits in optical tables is a difficult and non-scalable task. The use of integrated optical circuits opens new possibilities for the generation, manipulation and characterization of high dimensional states besides the ease of transmission of these states through an optical fiber. In this work, we propose photonic circuits to perform minimum quantum state tomography of path qudits and show how to determine all the constituents parameters of these circuits (beam splitters and phase shifters). Our strategies were based on the symmetries of the involved POVMs suggested for minimum tomography and allowed us to obtain interferometers smaller than those obtained by other already known methods. The calculations of the transmittances and reflectivities of the beam splitters were made using the definition of probability operators in an extended Hilbert spaces and the application of the Naimark's theorem. The employment of equidistant states for the definition of the POVM elements allowed us to develop a recipe applicable to the tomography of qudits of any dimension, generalizing our scheme.
I. INTRODUCTION
A qubit corresponds to the fundamental unit of quantum information in the same sense as the bit corresponds to the fundamental classical unit of information. When we are referring to quantum states with a Hilbert space with dimension N > 2, then we speak of qudits [1] [2] [3] [4] [5] [6] [7] . The use of qudits opens new prospects for quantum information processing, such as the enhancement of security for quantum key distribution, the increase of channel capacity, higher noise resistance and quantum computing [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Manipulating states of qudits in interferometers at optical tables is a non-scalable and challenging task. Interferometers have been set for characterizing quantum states [21] [22] [23] [24] [25] , controlling, detecting or measuring entanglement of qudit systems [10, 11, 26, 27] or simulating noisy channels [28, 29] . The use of photonic circuits written in glasses by femtosecond direct laser writing technique opens new possibilities for the generation, manipulation, and characterization of high dimensional states, besides the direct transmission of these states through an optical fiber [30] [31] [32] [33] [34] [35] [36] [37] . Using longitudinal interferometers, we can implement quantum operations in two qudits states, including transforming them from antisymmetric states to symmetric ones, making possible to construct interferometers for simulation of open systems and their characterization [38] [39] [40] [41] . Remote preparation of arbitrary qudits for their use in quantum communication protocols is another possible application for these circuits [42] [43] [44] [45] .
Recently, the generation and analysis of a two qutrits system in a silicon photonic circuit generated with the * Electronic address: will.rodrigues.fis@gmail.com lithographic technique was demonstrated [46] . In this domain, we can use such result to produce states of two qudits from an integrated photonic chip drawn on glass, after they receive photon pairs generated by spontaneous parametric down-conversion (SPDC). We aim here the construction of photonic circuits that, by implementing POVM (Positive Operator-Valued Measure) elements, are able to perform minimum full quantum state tomography of qudits, defined as an experimental technique that allows the reconstruction of the density matrix of a quantum system in a unknown state with a minimum number of measurements [47] [48] [49] [50] [51] [52] . These techniques satisfy a demand in current computer and telecommunications technologies: the ability to execute quantum information protocols on small devices that integrate a larger hardware design. Our accomplishment is a contribution in the development of quantum information tasks in chips. It contributes to the technology needed to reach compact and portable devices for quantum protocols.
Quantum state tomography on chip has been a subject of interest to various research groups. It was demonstrated, theoretically and experimentally, the accomplishment of quantum tomography in photonic chips through quantum walks [53, 54] . The authors used in their experiment a circuit with N inputs and M outputs to characterize a photon-number state. The detection of the photons of all the outputs is done simultaneously, optimizing the experiment duration. Since it is not necessary to reconfigure the experimental apparatus, the occurrence of errors is also reduced. Circuits that do not require reconfiguration are called static circuits [55] .
In this work, we present an alternative form of performing full quantum tomography on photonic chips, by the implementation of POVM elements in static circuits, whose detection at all outputs is made simultaneously. All necessary POVM elements are implemented at the same time by the circuit and measured at the differarXiv:1907.11296v1 [quant-ph] 25 Jul 2019 ent photonic circuit exits simultaneously. All necessary measurement probabilities are obtained from the photon counts at the circuit outputs in one measurement time interval. This is important because it minimizes the noise introduced by the experimental apparatus during the detection time. The proposed tomography method uses SIC-POVM (Symmetric Informationally Complete Positive Operator-Valued Measure) elements, allowing a full quantum state tomography with the minimum number of measurements and with a symmetric POVM elements distribution in Hilbert space that optimizes the system density operator reconstruction [22, [56] [57] [58] [59] [60] .
Our proposal is based on the application of the Naimark's theorem. The POVM can't be realized by an unitary transformation followed by a projective measurement in the original qudit space. Therefore, the initial qudit Hilbert space is expanded and the realization of the POVM elements occurs by applying unitary transformations followed by projection measurements in this extended space [61] [62] [63] [64] [65] . This task can be realized in multiport interferometers, composed of beam splitters and phase shifters, built by using, for example, the Reck's proposition [66] . An important advance was done by Clements et al., that propose a different design for the multiport interferometer that, by using the same number of components, decreases the optical depth of the interferometer [67] . This quantity is important for fabricating smaller interferometers with smaller losses.
The unitary transformations in the extended Hilbert space in our circuit design uses a smaller number of beam splitters than Reck et al. and Clements et al. general designs with a smaller optical depth, what is a clear advantage for this specific task. It is necessary to mention that the proposed circuit design realizes full quantum tomography with the minimum number of measurements and no hypothesis about the initial system state are necessary. Others schemes are able to realize quantum tomography with a number of measurements smaller than the minimum for a particular class of systems states using prior knowledge of the input state [55] .
Finally, the organization of the rest of the paper is as follows: in Sec. II, we briefly discuss some useful concepts about minimum state tomography for qubits. After this short introduction, we present in Sec. III the proposal for construction of the tomographical circuits for this case. We then proceed in Sec. IV with the circuit's proposal in the qutrit case. In Sec. V, we generalize our proposal for N dimensions. Finally, we conclude in Sec. VI.
II. MINIMUM QUANTUM STATE TOMOGRAPHY FOR QUBITS
As already mentioned in the introduction, quantum state tomography is an experimental technique that allows the reconstruction of the density matrix of an unknown quantum system state. Its realization consists in the production of a large number of identically prepared system states together with a series of measurements of the physical quantities that it describes. When the tomography is made using the least possible number of operations, it is called a minimum full quantum state tomography [68, 69] . To perform a minimal full tomography on a qubit system, one needs a POVM with four different elementsÊ j to be implemented in the initial stateρ. The outcome's counting rate c j is
where A is a constant proportional to the detector efficiency and the number of identically prepared states in one second and P j = Tr[ρÊ j ] is the probability of detecting one of the output states after E j is implemented. By implementing these POVM elements, it is possible to determine the qubit state since the number of counts is going to be accessible. As seen in [69] , the necessary POVM elements to be implemented are:
with k = 1, 2, 3, 4 and
where ω = 2/3 and υ = 1/3. If the density operator ρ is written asρ = (Î + r · σ)/2, where r = (r x , r y , r z ) and σ = (σ x ,σ y ,σ z ) is the Pauli vector, we need to determine the values of the quantities r x , r y and r z from the experimental outcome's counting rates c j (Eq. (1)) in order to reconstruct the initial state density matrixρ. By using the POVM elements shown in Eq. (2) in Eq. (1), we obtain
where
III. CONSTRUCTION OF THE TOMOGRAPHICAL CIRCUITS FOR QUBITS
Any unitary operator of finite size can be constructed in the laboratory using an appropriate combination of two optical devices: beam splitters (BS) and phase shifters [66] . Therefore, we can express an N -dimensional operatorÛ as:Û
whereT j is an N -dimensional matrix that represents the jth operation performed on the input state and n is the number of operations required for the implementation of the matrixÛ . TheT j matrix is a block-diagonal matrix, where each block is composed from the elements of the BS matrix, defined as follows [66] :
in which t is the transmittance of the beam splitter and r is its reflectivity. These parameters satisfy the equation r + t = 1. The parameter φ indicates the phase difference between the outputs of the beam splitter. These are the building blocks we will use to create a scheme for minimal quantum state tomography in integrated chips. The first goal of this article is to propose a photonic circuit that implements the minimal full path state tomography on an one-qubit system. The simpler choice for the interferometer is shown in Fig. 1 . In this configuration, each outcome of the interferometer corresponds to the implementation of one of the different mapsÊ k , with k = 1, 2, 3, 4 (Eq. (2)), allowing us to obtain the outcomes simultaneously. TheT j operators that it constitutes ( Fig. 1 ) are:
Since we need to expand the Hilbert space, we will use as initial state |ψ 0 = |ψ ⊗ |0 . The first state vector can be interpreted as a qubit system in the state |ψ , and the second as an ancilla in the state |0 . But, note that the state |ψ 0 = (α, 0, β, 0)
T is different from the initial state shown in the Fig. 1 , given by |ψ in = (0, α, β, 0)
T . The input state |ψ in can be written in terms of the state |ψ 0 , with no modifications in the circuit nor any relabeling, by using the transformation described byM , defined by the following relation It is worth noting that the transformationM is not implemented in practice. It is only a mathematical transformation. Thus, as our proposal supposes the input state as being |ψ in and the theoretical calculation is made based on the initial state |ψ 0 , we havê
Therefore, the operator that effectively would act on the state |ψ 0 is given bŷ
The operator defined in Eq. (12) is used in the process of determination of the circuit parameters, as shown in the Appendix A.
The next task is to find the parameters r j , t j and φ j that composeÛ qubit to complete the circuit description. We start by examining the set of probability operatorŝ Π ml acting on the system-ancilla Hilbert space. Such operators can be understood as the POVM elements associated with the detection of the photon at each circuit output. The action results of this POVM elements correspond to the projections over the states of the set {|ml }, with m, l = 0, 1, and each circuit output corresponds to one of the states |ml , i.e., |00 , |01 , |10 or |11 . Here, the states |m and |l form a basis on each of the subspaces: system and ancilla, respectively. The probability of detecting a photon, initially in the state described by the density operatorρ, in one given output of the interferometer is given by
where |0 is the ancilla state. This expression can also be written in terms of a POVM acting only in the subspace of the input qubit
where we can define the local POVM elementsÊ ml aŝ
and the matrix elements ofÊ ml will be given by
Each state |ml , in binary notation, corresponds to one outcome shown in Fig. 1 , which allows us to make the exchangeÊ ml →Ê k , being k the number that identifies each output. Based on this, the operatorsÊ k in Eq. (15) will be identified as the POVM element presented in Eq. (2) . From these relations, it is possible to determine the suitable circuit parameters. As shown in the Appendix A, the parameters necessary for implementing the minimal tomography, in this case, are:
By manufacturing a photonic circuit ( Fig. 1) with the parameters presented in Eq. (17), we obtain a specific interferometer with five beam splitters and one phase shifter. This circuit implements POVM by doing unitary transformations and projective measurements in a extended Hilbert space with less optical elements and a smaller optical depth than other existing general unitary operations circuits already proposed in the literature [65] [66] [67] . Other conclusion that arises from this result, is that the effect of the beam splitter that composesT 2 solely exchanges the photon beam carried by the 2nd and 3rd paths, as seen in Eq. (17c). Except by this exchange, the BS's that acts non-trivially operates only between the 1st and 2nd, and the 3rd and 4th, separately. This structure will inspire the design of circuits for general qudit states.
IV. MINIMUM QUANTUM STATE TOMOGRAPHY FOR QUTRITS
For the qutrit, we approached the circuit's design in a different manner. The strategy to find a circuit that perform qubit's tomography starts with Eq. (12) , which lead to the solution of a 4 × 4 matrix equation for finding the BS specifications. Applying the same procedure in the qutrit case would result in the solution of a 9 × 9 matrix equation. Alternatively, we faced this problem by analyzing the POVM operators and the desired outcomes for the qutrit tomography, being able to reduce the problem to the search of a 3 × 3 matrix equation solution. The qutrit tomography is realized via equidistant states [22, 56] .
The SIC-POVM elements for the qutrit case are of the formÊ
with m, l = 0, 1, 2 and [56] |ψ 00 = µ|0 + η|2 ,
where p|Ê ml |q = (a 
Inspired by the solution for the tomography of qubits, we conceive an interferometer that is formed by three sectors, shown in Fig. 2 , separated by the pink dotted line. Due to the symmetry in the POVM, it is convenient to perform the tomography measurements, such that, in the kth sector, the three outcomes result from the application of onlyÊ kl (l = 0, 1, 2), already defined in Eq. (18). Our goal is that the photon count in the detector coupled to one of the three exits of the zeroth, first and second sector is proportional to the probability of implementing the POVM elementsÊ 0l ,Ê 1l orÊ 2l , respectively.
The prepared photonic path state is such that the photon can enter in one of the nine input ports of the interferometer, as shown in Fig. 2 . A photon in a qutrit path state represented by the |0 , |1 and |2 base vectors can enter in the second or in the fifth or in the eighth input circuit ports. Since the photonic circuit has nine input ports, it is clear that the Hilbert space for the photonic path states increases from N = 3 to N = 9. We label the path states in the N = 9 extended Hilbert space as |i j , where i, j = 0, 1, 2. The nine photonic paths, from top to bottom, are labelled as: T input qutrit path state is coupled to the circuit. TheΛ operation is responsible for diffusing the initial state to the first and third path in each sector. The red and blue arrows portray the permutations between the 3rd and 4th paths and between the 6th and 7th ones, respectively. This permutation, performed by 1 : 0 BS, exchanges the coefficients of some base vectors. Finally, these paths are connected to the last circuit piece, described by a 3 × 3Û matrix, to resume the tomographic implementation. Analogous descriptions can be done for the others two sectors. A detector count in one of the nine circuit outputs is proportional to the implementation probability of a POVM elementÊij (i, j = 0, 1, 2).
FIG. 3:
Circuit representation of theΛ operation for the implementation of the qutrit tomography. We have a 1/2 : 1/2 BS that splits the input mode in path 2 in two output modes in paths 2 and 3 (labelled as |i 1 and |i 2 , respectively). A 1 : 0 BS between paths 1 and 2 switches these paths.
|2 0 ,|2 1 and |2 2 . Fig. 2 shows the quantum operations schematically in the extended Hilbert space. Let's suppose we have a normalized input state |ψ = 2 i=0 α i |i 1 . After the first operation, represented by the green rectangles, the photon path state becomes |ψ = 
Notice that the circuit design is such that, in the first, second, and third sectors, we create state superpositions of the original qutrit base states {|0 , |1 }, {|0 , |2 } and {|1 , |2 }, respectively. The arrangement of beam splitters which implements what is outlined by the green rectangles in Fig. 2 is shown in Fig. 3 . The optical couplers (BS) that carry the quantum operation described in Fig. 3 are 1/2 : 1/2 BS (t = 0.5 and r = 0.5) and 1 : 0 BS (t = 1 and r = 0). The second transformation shown in Fig. 2 , the permutations between 3rd and 4th paths and 6th and 7th paths, is performed by 1 : 0 BSs.
The last part of Fig. 2 shows the applications of unitary operationsÛ in the first, second and third sectors. Notice that theÛ operations only apply to the vector states of their respective sectors. Therefore, the quantum operation described by a 9 × 9 matrix in the extended Hilbert space of 9 dimensions is composed by three 3 × 3Û matrices forming three blocks matrices with all the other elements of the 9 × 9 matrix equal to zero, i.e.,
The circuit scheme forÛ appears in detail in Fig. 4 . Hence, we must establish the coefficients r j , t j , and the phases φ j . In order to achieve this, we are going to obtain the matrix from the inputs and outputs vectors available. The desired effect of the operationsÊ 0l ,Ê 1l andÊ 2l in the first, second and third sectors of the circuit, respec- tively, leads us tô
with i = 0, 1, j = 1, 2 and i < j. The unitaryÛ that satisfies Eq. (24) iŝ
that corresponds to the circuit in Fig. 4 . We managed therefore to reduce the problem from a 9×9 matrix equation to a problem of finding coefficients for a 3 × 3 matrices. Performing this calculation (more details in Appendix B), we obtain the values of the coefficients and phases:
The result presented in Eq. (26) shows that the first beam splitter of the scheme of Fig. 4 can be discarded, since there is no transmittance. The phase shifter φ 5 can also be discarded, since it is at the end of the circuit and does not interfere in the photon counting. We conclude that the interferometer that implements the quantum path state tomography in the one-qutrit state is formed by twenty beam splitters and nine phase shifters. As in the one-qubit case, our proposal for one-qutrit systems has less optical elements and a smaller optical depth than other existing proposals in the literature [65] [66] [67] .
We also summarize in Table I the number of optical elements necessary for the implementation of each proposal of photonic circuits for the quantum tomography task. It is worth emphasizing that Reck's and Clements's proposals use Mach-Zehnder interferometers as building blocks of the circuits, while our proposal uses single beam splitters.
V. GENERALIZATION FOR N -DIMENSIONS
In the previous section, we use the results of PaivaSánchez [56] about equidistant states to build the SIC-POVM elements that implement a quantum state tomography of path photonic qutrits. One remarkable feature of this approach is that it is not limited to the dimension of the input state. The relation for equidistant states suitable for the tomography of an N -dimensional quantum system is [56] :
where l = 0, 1, ..., N − 1. From Eq. (27), we can to obtain N operators of the N 2 required for the quantum state tomography experiment. The others operators are obtained from states generated by the application of the operatorX in |ψ l shown in Eq. (27) , defined as:
This operatorX acts on a state |k performing an addition modulo N . Thus, all equidistant states used in the construction of the POVM elements can be organized in sets B m (ψ), with m = 0, 1, ..., N − 1, defined as
and these POVM elements are obtained through the relationÊ
As an example, we will define the base states for quantum state tomography of ququarts, that is, qudits with N = 4. They are:
The other states (|ψ 1l , |ψ 2l and |ψ 3l , with l = 0, 1, 2, 3) come from the application of the operatorX one, two or three times.
The determination of the circuit design for the general case is made in the same way as it was done in the Section IV, not applicable for qubit case. The N 2 paths are divided in the N sectors with N paths each. Here, the three-dimensional conception of circuits facilitates the generalization task [70] [71] [72] . The assumption of a 3D waveguide writing technique becomes necessary because we have to create path states superposition between states of different sectors. For example, it is necessary to create superposition between the states of the first and the last sector in a SIC-POVM tomographic proposal. In a planar circuit, the optical depth would increase, as long as these states are connected, by a quadratic function in N . In the 3D waveguide writing technique, these states will be connected by N − 1 beam splitters, that is, the optical depth is now a linear function in N .
In the three-dimensional circuit scheme, the paths can be organized in N parallel vertical sectors, with N paths in the vertical direction each, forming a square array of waveguides. By choosing the paths for entrance of the photons belonging to the same line, i.e., path i 0 in each sector j, we have as initial state
where |i 0 j means path state in line i 0 and sector j. Our proposal consists in conceiving the circuit as a sequence of three unitary operations. The first one operates separately in each vertical sector j performing the transformation
i.e., each component of the initial state α j |i 0 j is decomposed into N − 1 components α j |ij , that will occupy N − 1 paths of the vertical sector j, leaving, also by choice, the last path empty. The second operation realized by the circuit is a permutation betweens vertical sectors. Except the last layer, that did not receive one of the N − 1 components at the end of the first operation, in all other layers the operation performed is an addiction modulo N as followŝ
where i = 0, 1, ..., N − 2 is the paths label. At the end of this second operation, we will have in each vertical sector j the state
where the operations with subindexes are carried out modulo N . The third operation that our proposed circuit performs is analogous to Eq. (25) . Its transforms the state |ψ (2) j (Eq. (35)) in a final state where the square module of its expansion coefficients are igual to the probabilities of implement all POVM elements in the qudit Hilbert space. By possession of these probabilities, we reconstruct the initial state density matrix [56] .
If the possibility of usage of a 3-dimensional array is at hand, our circuit becomes considerably more efficient that one derived directly from [66] or [67] . As the minimal state tomography uses at least N 2 outputs, a general circuit would have a complexity of O(N 4 ) beam splitters. In our realization, the procedure is divide into three parts, each acting in parallel over at maximum N paths. This guarantees a complexity of O(N 3 ). Moreover, each part may simplify separately, since they act differently, allowing an increase of efficiency through the detalied analysis of each part. The modular property of the circuit is the main feature of our proposed implementation of the circuit for minimal state tomography.
There is a particularity in the even-dimension case, reported in Ref. [56] . It is shown that the method exposed in this paper cannot determine the imaginary part of some elements of the system's density matrixρ. For that, one more step is needed, the application of the following operator:
which generates a new density matrixρ =ΞρΞ † . The advantage about this strategy is that the imaginary parts, impossible to be determined, are exchanged with the real parts of the same matrix elements, being now possible to be obtained. Thus, to reconstruct the initial density matrix of even-dimensional systems, it is necessary to realize the quantum state tomography inρ andρ , increasing from N 2 to 3N 2 /2 the number of measurements.
VI. CONCLUSION
In this paper, we were able to determine the design of integrated photonic circuits that perform quantum path state tomography for qubits and qutrits. In these schemes, a POVM is implemented by doing an application of Naimark's theorem by extending the qudit Hilbet space, performing unitary transformations and projective measurements in this extended space. The parameters of the optical interferometer elements (beam splitters and phase shifters) were accurately calculated by using methods already described in the literature. Only three different types of beam splitters appeared on the proposed circuits, which may facilitate their manufacture. Our designs requires less optical components than alternatives general unitary transformations circuits and a smaller optical depth when compared with the optical depth of the circuits discussed in [66, 67] . A general recipe also was presented for determining the circuit to be used for dimensions higher than three. In all cases, our interferometers are more compact than those already exposed in other works. 
where a = 1, 3, 5 and b = 2, 4. The entire circuit is represented by the matrix:
Analogous to the qubit case, it is possible to simplify the matrixÛ qutrit by defining r 1 = 1, t 1 = 0, r 2 = 0 and t 2 = 1. This reduces the matrix elements to the following quantities A first comparison between the elements of the matrix U qutrit and those of the matrixÛ in Eq. (25) allows us to determine the following parameters r 3 = 1/2, t 3 = 1/2, φ 1 = −2π/3, r 4 = 1/3, t 4 = 2/3,
With the parameters shown in Eq. (B4), the matrix elements 2|Û qutrit |j (j = 0, 1, 2), are determined completely. The parameters φ j (j = 3, 4, 5), r 5 When comparing again the elements i|Û qutrit |j (i = 0, 1, j = 0, 1, 2) and the respective elements of theÛ matrix in Eq. (25), we are able to determine the remaining parameters r 5 = 1/2, t 5 = 1/2, φ 3 = 1/3, φ 4 = 2/3,
Thus, we obtainedÛ qutrit =Û as we wanted.
